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Abstract

Modal analysisprovides a powerful tool for ef ciently
simulating the behaior of deformableobjects. This
paper shovs how manipulation, collision, and other
constraintsmay be implementedeasily within a mocal
framavork. Resluts are presentedor several examge
simulations.Theseresultsdemonstrat¢hatfor mary ap-
plicationsthe errorsintroducedby linearizationare ac-
ceptable andthat the resulting simulationsare fastand
stableevenfor comple object andstiff materials.
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1 Intr oduction

Interactve modeling of deformableobjecs has a wide
range of applicationsfrom sumical training to video
games. Mary of theseapplicationsrequire realisic,
real-timesimulationfor complex objects.Unfortunatdy,
the moststraightforvard simulationmethodsturn out to
be prohibitively expensve for modelingobject of even
modestcomgexity. When the high cost of simulaton
coupleswith thereality that CPU cyclesmustbe shaed
amongmary taskstheneedfor fastermoresophisticatd
simulationmethodsbecomegleat

Recently several ingenioustechniquesfor modeling
deformableobjectshave beenproposed. Examplesin-
cludemulti-resolutionrepresentationthat avoid wasting
time onirrelevantdetils (e.g. [4, 6, 8]), reformulatingthe
dynamicgo make themmorestable(e.g. [15,20]), exten-
sive precomputatiorto minimize runtime costs(e.g. [9,
10, 19, 22)), robustintegration schemeghat afford large
time-stepqe.g. [3]), andmary otherapproachethatwe
cannotlist heredueto spaceconstrints. As of yet, none
providesa peffect solutionthatsatis estherequiremets
for all interactive applicatins.

This paperreexamines a techniqueknown as modal
analysis that was originally introducedto the grgph-
ics community over a decadeago, but has since been
largely neglected,with only a coupleof notableexcep-

Figurel: This exampledemonstratea complex model
being deformedusing a modal simulationmethod. The
object furthestfrom the viewer shavs the undeforned
con guration. The nearerobjectsarebeingdeformedby
aforceindicatedby the bluearrows.

tions (e.g. [10, 22, 23)). Like the technguesmentioned
above, modalanalysisdoesnot provide a perfectsoluion

for everyinteradive application but it doesprovide a so-

lution thatsuitssomeapplicationsquite well.

The resultspresentechere shav that modal analyss
canbe usedeffectively to modelsituationswherethe de-
formableobijectis directly manipulatedisingconstraits
andwhereit interactswith an ervironmentthroughcon-
tactforces. We demonstratehat althoudh linear modal
analysisdoesincur errors becauseof the inherentlin-
earizationof the dynamics,theseerrorsare acceptale
in mary contets, particularlywhenexaggeratedartamn-
like deformationsare desired. While precomputingthe
modaldecompositiorfor a complex objectmay take up
to afew hoursof precomputationfor applicationswvhich
make useof x ed contentthis computationalkcostonly
occursduring conternt developmentandit is well worth
thedramaticincreasen runtime performance.

The conceptgequred to manipulatethe modal equa-
tionsareto a certainextentconceptuallydif cult to work
with but theirimplementations surprisinglysimple. The
resultsshowvn in this paper(e.g. gure 1) were genef



atedusinganimplementatiorthatwe have portedto sev-
eral platforms: SGI IRIX, Windows, Linux, and Sony
PlayStation2.0n eachof theseplatformswe were alle
to obtaininteractive simulationtimeseven for relatively
complex models.

2 Background

Modal aralysisis a well establishednathematicatech-
nigue that has been used extensively in mechanial,
aerospacecivil, and other engineeringdisciplines for
several decades.To a large extent the work we presat
in this paperfollows asdirectapplicationof the methals
developedin those eldsto thetaskof interactvely simu-
latingdeformablesolids. Thereare however, someissies
thatare uniqueto interactve simulation,suchasimpaos-
ing manipulationconstraintandcomputingfastcollision
responsesThis paperfocuseson thoseissues.A discus-
sionof modalanalysisandits usewith the nite element
methodcan be found in the text by Cook, Malkus, and
Pleshd5], anda moredetaileddiscussiorof modalanal-
ysis, its mathematicatheory andits applicationamaybe
foundin thetext by MaiaandSilva[13].

Modal analysiswas rst introducedto the graphts
communityin 1989 by Pentlandand Williams as a fast
methodfor approximatingdeformation[19]. They used
a hybrid framevork, previously describedby Terzopw-
los and Fleischer[24], that separatedhe motion of a
deformablesolid into a rigid componentanda defornma-
tion component. The deformablecomponentexistedin
a non-inertialreferenceramethat moved with the rigid
component. To avoid the costof computingthe mocdes
for a particularobjectPentlandandWilliams usedlinear
and quadraticdeformation elds de ned over arectilin-
earvolumeinstead of the object’s actualmodesandthen
embeddedhe objectwithin theregionin afashionsimi-
lar to a free-formdeformaion. Although usingapprox-
matedmodess computaibnally inexpensve, it only gen-
erategeasonableesultsfor compacbbjectsthatarewell
approximatedby a rectilinearsdid. Pentlandand his
colleaguesls integratedtheir modaldeformationtech-
niquesinto ainteractve modding system18§].

In 1997 Stamdevelopeda modal methodfor mode-
ing treesblowing in thewind [23]. Ratherthanstarting
with adeformableobject,hecomputedhelow-frequency
modesfrom an articulatedstructurethat describé the
tree.Oncethe closed-formsolutionsfor eachmodewere
computed,the responseof the treeto a stochastiowind
eld couldbecomputecefcie ntly.

Mostrecently JamesndPaiimplementedisystentor
computingreal-timemodaldeformationson commaodty
graphicshardware[10]. They focusedon modeling de-
formableskin andsofttissuesattachedo moving chara-

tersor asbackgrouncelementsn a sumgical simulaton.
Shenand his colleagueshave demonstratedn interac-
tive systemthat could simulatemodelswith over 10,000
verticeson alaptopPCwith no specialhardwareaccder-
ation[22).

Other related work includes sound generationtech-
niquesthat make use of modal synthesis.and deforma-
tion technigueghatuseglobal shapefunctionsthathave
somegenerakimilaritiesto a object's modeshapesVan
denDoel andhis colleaguesave usedboth analyticdly
computedmodesfor simple geometricshapesand sam-
pledmodesfrom realobjectsto computerealisticsounds
for smulated ervironments[26, 27, 28]. O'Brien and
his colleaguesievelopedsimilartechniqueshatusednu-
mericallycomputednodesrom a nite elementdescip-
tion of an object[17]. Exanples of deformationtech-
niguesusing global shge functionsinclude: free-fam
deformationsandtheir dynamicsextensiong[7, 21], de-
formablesupequadrics[14], andthe boundaryelement
method[9]. Modal baseshave alsoprovento be an ef-
cient way to compactlyencodeboth shapesanddefor-
mations[11, 12]. Finally, this paperfocusesprimaily
on integrating manipulationand contactconstraintanto
amodalframework, andthereis prior work on applying
theseypesof congraintsto e xible bodysimulationg2].

3 Methods

The mechanicapropertiesof an objectcangenerallybe
capturedoy afunctionthatmapsthe stae of the objectto
adistributionof internalforces.For nearlyany non-trivial
systemthis functionwill be nonlinearandthe represe-
tationof statewill requiremary variables.Consequetty,
modelingthe object’s behaior over time will involvein-
tegrating a large, nonlinearsystemof differential equa-
tions. Thesesystemsaretypically far too comple to be
solved analytially, so sometype of numericalsoluion
methodmustbe employed.

Modal aralysisis the processof taking the nonlinear
descriptiorof asystem,nding agoodlinearapproxima-
tion, andthen nding a coordinatesystemthatdiagona
izesthe linearapgoximation. This procesgransformsa
complicatedsygem of nonlinearequationsinto a simpe
setof decoupledinearequationgshatmaybeindividualy
solvedanalytically

Theman bene t of thismodalapproachs thatthe be-
havior of the sysem canbe computedmuch more ef -
ciently. Becauseeachof the decoupledequationanbe
solved analytically the stability limitations that plague
numericalintegration methods are eliminated. Further,
onemay examineeachof thedemupledcomponentand
discardthosethatareirrelevantto the problemat hand.



Figure2: Using a linear formulationto modela berd-
ing barproducesacceptableesultsfor smallto moderae
amountsof deformation.For larger deformationssignif-
icantamountsof distortionappear This exampleshavs
the deformationcorrespondingo the bar's secondrars-
versemode.

Thereare also two dravbacksto a modal appro&h.
First, linearizing the original nonlinearequationsmeans
thatthe solutionwill only bea rst orderapproximatbn
of the true solution. How objectionablethe lineariza-
tion error is dependson the applicationand the extent
to which the objectsdeformfrom their initial con gura-
tions. As illustratedby gure 2, smallto moderatedefor
mationsexhibit little or nonoticeablesrrorwhencasudlly
obsered. Evenwhenthe errorsdo grow noticeablethey
have a cartoon-lile, exaggerateéppearancehatmayac-
tually be desirablefor someapplications.

The seconddrawback arisesbecausedecouplingthe
linearsysten requirescomputingits eigendecompositin.
However we do not believe that this drawbackis partic-
ularly signi cant. The contentin mostinteractive appli-
cationsis constant,so that eigendecompositionsan be
precomputeduringcontentdevelopmentandstored with
the objects. Furthermorethe linear systemsare spare,
sothatfast,robust, publicly availablecodesmaybe used
to ef ciently computethe decompositionge.g. TRLAN
[29)).

Theremander of this sectiondescribesow onecom
putesthe modal decompositionfor a given objed and
how thatdecompositin canbe usedto ef ciently mocel
theobjects behaior. Someof this material hasbeenpre-
sentedelsewvhere by othersin the graphicscommunty
(e.g. [10,19)) but we includeit herefor completeness.
Thediscussiorwill focusin particularon including ma-
nipulationand collision constrants in the modal frame-
work. An overview of theentireprocesds shavnin g-
ure3.

3.1 Modal Decomposition

The modd decompositionof a physicd systembegins
with a linear setof equationghat describethe systems
behaior. In generalthe equationgescribingthe systen
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Figure3: Thisdiagramillustratesboththepreprocessig
stepsusedto corstructthe deformablemodal modelfor
an object, andthe processeghat subsequentlgeneate
interactize motionfrom this description.

maybenonlinearandoneobtainsthelinearequationsy
linearizingaboutsomepoint, typically the restcon gu-
ration of the system. The linearizedequationshave the
generaform:

Kd+Cd+MdU=" ; Q)

whereK , C, and M arerespectiely known asthe sys-
tem's stiffness,damping,andmassmatricesd andf re-
spectvely asthevectorof generalizedlisplacementand
forces,and an overdotindicatesdifferentiationwith re-
spectto time. The physical meaningof the generalzed
forceanddisplacementectors,andthe methodfor com-
puting the systemmatriceswill dependon the type of
methodusedfor modeling the system. For general -
nite elemenimethodsye referthereacerto theexcellent
text by Cook, Malkus, andPleshg[5]. We are usingan
implementatiorof the piecavise-lineartetrahedraln ite
elementmethoddescribedy O'Brien andHodgins[16].
Detailson computingthe systemmatricesapperin [17].
Modal decompositiorrefersto the processof diago-
nalizing equation(1). The mostgeneralform of modal
decompositiorcanbe usedfor nearly arbitrary systens,
but the systemsarising from the nite elementmethod
we usehave a structurethat mekesthemamenabldo a
simplermanipulatiorprovidedwe assumehatthe danp-
ing matrix, C, is alinearcomnbinationof theK andM .
This restricton is known as Rayleighdamping,and al-
thoughit is arestictionit still producesesultssuperiorto
the simple massdampingthatis mostcommonly usedin



graphicsapplications With theseconditions diagonalz-
ing equation(1) becomegquialentto solvingageneral-
ized symmetriceigenproblemwith symmetric,positive-
de nite matrices.Cook, Malkus,andPleshadescrite the
processn detailandwe only repeatheendresulthere.

With the restrictionof Rayleighdanping equation(1)
may berewritten as:

Kd+ 1d)+M(2d+0)="f; )

where ; and , arethe Rayleich coefcients. Let the
columnsof W be the solution to the generalizedsym-
metric eigenproblenK x + M x = 0and bethe
diagonalmatrix of eigervalues, thenequation(2) may
betransformedo:

(z+ 1)+ ( 2z+2)=0; 3)
wherez = W d is the vector of modal coordinates
andg = W Tf is the externalforce vectorin the modal
coordinatesystem.

Eachrow of equaton (3) corresponds$o asinglescalar
second-ordedifferentialequdion:

iZi+(1i+ 2Z+Z=0: (4)
Theanalyticalsolutionsto eachequationare
7= ce’ i+ e (5)

wherec; andc, arearhtrary (comple) constantsand! ;
is thecomple frequeny gB/en by
L+ -4 2
!i:(1| 2) 2(1. 2) ©)
The absolutevalueof theimagnary partof ! ; is thefre-
gueny (in radians/secondjot Hertz) of the mode ard
therealpat is the modes decayrate. In the specialcase
wherethe term underthe radicalin equation(6) is zero,
we have ! = I, , which givesthe critically damped
solution:
7

The cdumnsof W arethe vibrational modesof the
objectbeingmodeled.(See gure 4.) Eat modehasthe
propertythat a displacemenbr velocity over the object
thatis a scalarmultiple of the modewill produceanac
celerationthatis alsoa scalarmultiple of themode.This
propertymeanshatthe modesdo not interactwith each
other which is why decouplingthe systeminto a setof
independenbscillatorswaspossible.The eigervaluefor
eachmodeis theratio of themodes elasticstiffnessto the
modes mass,andit is the squareof the modés natual
frequeng (in radiansper second).In generalthe eigen-
valueswill be positive, but for eachfreebody in the sys-
temtherewill besix zeroeigervaluestha correspondo

4

z = qte ' + et i

1 EquialentlyletW = L TV whereM = LL T (Cholesl
decompositionandv VT = L K L T (symmetriceigendecom-
position).

S oT
O

Figure4: The two rows shav a side andtop view of
a bowl along with three of the bowl's rst vibrational
modes. The modes selectedfor the illustration are the
rst threenon-rigid modeswith distinct eigervalues that
areexcitedby atrans\erseimpulseto the bowl's rim.

the body's six rigid-body modes. The rigid-body eigen-
valuesare zero becausea rigid-body displacementwill
notgeneratery elasticforces.

The decaipledsystemof equationds not an approxi-
mationof the original linear system,it will generateex-
actly the sameresultsasthe original linear system. Of
coursethe linear sysem may have beenan approxima-
tion to someinitial nonlinearone, but ary problemthat
could be solved usingequation(2) could alsobe solved
with equation (3). Furthermore simulaton that would
have requirednumericaltime integrationof equation(1)
cannow be solved without integrationusingthe analyti-
cal solutionsin equationg5) or (7).

3.2 Discarding Modes

Although decouplingequation(1) andthensdving each
of theresultingcomponentganalyticallyprovidessigni -
cantbene ts,we canderive additionalbene t by consd-
eringwhetheror noteachof thesecomponentss nealed.
In particularwe candiscardmodesthatwill have no sig-
ni cant effectonthe phenomeawe wishto model.

If theeigervalue, ;, associateavith aparticularmode
is large, then the force requiredto cawse a discernble
displacemenbf that modewill alsobe large. We can
expect that in a given ervironmentthere will be both
an upperboundon the magnitudeof the forcesencain-
teredand a lower limit on the amplitudeof obsenale
movement. For example, if modeling an indoor ervi-
ronmentwe would not expectto encounteforcesin ex-
cesf 60; 000N (the brakingforce of alargetruck), and
we would not be ableto obsene displacementtessthan
about0:1mm. Thusif jjw;jj?= i < min_ressmax_frc
for some modethen that mode's behaior will be unob-
senable.

Theimaginarypartof ! ; determineshefrequeng that
amodewill vibrateat. Modesthatvibrateat morethan
half thedisplay's frameratewill causetempaal aliasing.

Remawing modesthataretoo stiff and/ortoo high fre-
gueng to beobsevedwill notchangehe appearancef



the resultingsimulation,but remaving themwill greaty
reducethe simulations cost. For most objectsthat we
have worked with, nearlyall of the modesareunobsev-
able. A typical resultis thatan objectwith severalthou-
sandverticeswill have mary fewerthan fty modesthat
needto be retained. Furthermorethe numberof modes
thatmustberetaineds nearlyindependentrom the res-
olution of themodel.

For later corveniencelet W be the matrix W with
the columnscorrespondingo the discardedmodesre-
moved,andletW * bethematrix W * with the rows
correspondingo the discardedmodesremoved. Note
thatw * 6 (W) L w andw ! arenot squareand
w 'w=1butww ‘61,

3.3 Oscillator Coef cients and Time Steps

The analytical solutionfor eachmode,equation(5), de-
scribeshow that mode will behae when no exterral
forcesareactingonit. Usingthesesolutionshowever, re-
guiressomeway of modelingresponseto externalforces
andof settinginitial conditions.

Givena setof initial condiions describedy the node
positions,dg, andtheir velocities,dg, settingthe oscil-
latorsto matchthoseconditionsrequires nding appo-
priate valuesfor the coefci entsc; andc,. First, the
initial conditionsaretransformedo modal coordinats:
Zo = W ldo andzp = W 1do. For eachmode, c;
andc, aregivenby

20 (1t 2)20+ 2z

“ T2 2 (11+ 22 4, ®)
w = G pri BB
For thecritically dampedcase ¢; andc, aregivenby
o = (1 i'; 2)%0 % (10)
C = Zo: (11)

Note thatif the!; arerealthenc, andc, will alsobe
real. If the!, arecompl thenthe!; andthec; and
¢, will be complec conjucate pairs. In either caseequa-
tion (6) will evaluateto arealvalue

To computethe responsef a modeto animpulsede-
liveredatt = 0, rst transformthe impulseto modal
coordinatesith tg = twW i andthencomputec;
andc, asshovn abore with z setto zeroandz, replaced
by tg. Becausehemodesbehavelinearly, theresponse
of the systemto forcesappliedat an arbitrarytime may
be computedby time-shiftingthis impulseresponseand
addingit to the existing values.

Becausecd!™ U' = (cé' )e !, the stateof each
oscillatorcanbe storedsimply asa pair of complex num
bersthatre ect the currentvaluesof ¢;e!! © andc,€!

Eachtime the systemis advancedforwardin time, these
valuesget multipliedby e * . If t is constantthen
the stepmultiplier for each modemaybe cachedo avoid
the cog of evaluaing an exporential. Impulsesapplied
to the systemsimply requireaddingthe appopriateval-
uesto eachoscillator's state. Finally, modeswhere! *
and! arecomple conjugate pairs (i.e. underdamped
modes)canbereducedo only asingleoscillator

3.4 Constraints

Although we can computethe behaior of the decan-
posedsystemextremely ef ciently, the methodis not
particularlyusefulunlessit accommadatesmanipulaton
constraintsand collision response.Whenwaorking with
the original systemconstrainton the nodepositionsare
nearlytrivial to implement. Collision responsaequites
more sophisticationbut still is conceptuallystraightbr-
ward. Unfortunately applyingthesesameconstraintsn
the modal basisrequiresmoving betweenthe node po-
sitionsand modal coordinatesvhich canbe unintuitive.
Mattersare further complicatedbecaus if we have dis-
cardedary modesthenthe transformationsvill be non-
invertible.

3.4.1 Interactive Manipulation

If we wish to include continualconstrainton partof the
system the optimal way to do sois to remove thosede-
greesof freedomprior to performingthe modal decan-
position. Examplesdemonstratinghis approachcanbe
seenin Jamesand Pai's modalmethodfor modelingtis-
suedeformation[10], andin our deformalte sheetex-
ample. (Seeaccompaying animations.)Using this ap-
proachfor dynamicconstraintshowever, would reqtire
recomputingthe eigendecompositiomrachtime a con-
straintwas addedor removed from the system. Janes
andPai accomplishedomethingsimilar for a boundary
elemenimethodusingSherman-Morrison-\abdhbury up-
datesdbutwedonotknow of ary correspondingncremen-
tal updateschemdor aneigensysten9].

Insteadwe apply manipulationconstraintsto the de-
composedystemLet bethesetof degreesof freedom
in the original systemthat we wish to constrain,andlet

be the placeswherewe arewilling to apply forcesin
orderto enforcethe constraints.For a manipulationtask
wherea point on the objectis being draggedwe would
typically have =  but we will notrequireit. Letd
orf denotethedisplacemenor force vectorswhereall
exceptthe elementscorrespondingo  or  have been
removed. Similarly, let W beW whereall the rows

notin have beenremaedandlet W ' beW ' where
all thecolumnsbut for thosein  have beenremoved. Fi-
nally, letd bethedesiredaccelerationatthe constraint

locations.By combiningli = Wz,g=W Tt andabit



of manipulationwe obtain:

8 =W (Z+W'f ): (12)
Solvingfor f  yields:
T P
f = W W o W z ; (13)

where P denotesa pseudoinerse.Velocity constraints
only differ in thatf getsreplacedby animpulse,e.g.
tf andwe have:

1

t
Positionconstraintscanbe enforcedin a similar fashon
solong aswe adjustfor how eachmodewill evolve over

theinterval while theforceis applied:
2
f = Y

whereS thediagonalmatrix with compmpnentsgiven by

f = w w' d W z (14)

T P
W SW d W z ; (15

et et
P > -
(it 22 4]
thatcompensatefor the motionof eachmodeduringthe
interval.

Si = (16)

3.4.2 DynamicsSimulation

Implementinga deformabledynamicssimulatorfor free
bodies using modal analysiscan be acomplishedby
combiningthe modal simulationwith a standardrigid-
body dynamicssimulaor. The modalsystemis embel-
dedin a rigid-body referenceframe, and both systens
evolve over time. The two systemsinteractwith each
otherthoughinertial effects. The modal systemshoud
experiencecentrifugal and coriolis forces as the rigid-
body moves,andtheinertial momentsof the rigid-body
will changeasthe modalsystemdeforms.Unlesstheab-
jectis rotating rapidly, neithereffect will be signi cant
sowe omitthem.They couldbeincludedatanadditioral
computationalkost. Inertial effects dueto translatiorml
androtationalacceleationof therigid-bodyframedo not
needto be modeledexplicitly solong asthe forcesgen-
eratingthoseaccelerationgsre alsoappliedto the modal
system.

Becauseve aremodelingdeformableobjects,a colli-
siondetectionmethodoptimizedfor usewith rigid-body
simulationsrequiressomemodi cation becausg@recom
puted datastructureswill becomeinvalid as the object
deforms. The methodwe are using emplgys a hierar-
chy of axis-alignedbounding boxes,alignedto theworld
axes, to efciently nd potentialcollisions. The treeis
initially constructedbasedon the undeformedshapeof
the object. Eachleaf nodein thetreecorresponds$o one
of the primitivesthatmakesup the object,andthebourd-
ing boxatthatnodeencloseshe primitive. Theboundig

boxesof interiornodesencompastheunionof their chil-
dren.Thetree'stopologyis choserto minimizetheover-
lap amang the interior nodes. Oncethe objectdefoms
the treewill becomeinvalid, but recomputingthe tree's
topology every time-stepwould be prohibitively expen-
sive. Insteadwe usean updateschemesimilar to one
describedby vandenBergen[25]. After eachtime-step
the boundingboxes are updated but the tree's topology
doesnot change.If we expeded arbitrary deformaton,
this couldresultin a very poorly structuredree,but be-
causeheexten of deformationis limited we have found
this approacho work quite well.

Using thesetreesthe collision systemcan ef ciently
determinecontactpointsanda normalfor eachcontact.
For collisionsbetweenan objectanda groundplane,the
collision normalis simply the planes normal. For colli-
sionsbetweenobjects we look at involved tetrahedrao
determinea normalbasedn their overlap[16]. We have
foundthateachphysicalcontactsitemayproduceseveral
pairsof colliding primitives. To reducethe computaion
whenusingconstraint-basedollisionswe clusterneaby
collision pointsandtreateachclusterasasinglecollision
point.

We have implementedcollision responseusing bath
a penalty-basedmethod and using constraints. As
one would expect, the penalty methods require less
work pertime-step achieving real-timeperformancebut
stiff penalty coefcients can lead to instability The
constraint-basednethodrequiresmore work per time-
step,butit is morestable.Becauséhe modalsystenmwill
allow arbitrarily large time-stepsn the absencef exter
nalin u enceswe preferthe morestableconstraint-basd
methods.

To implementpenaltymethodswhena pointona sur
faceviolatesone of the penaltyconstraintsa force pro-
portionalto the magnitudeof the violation is appliedat
thatpoint. Transformingthe forcesto modalcoordindes
andthenapplyingthe force to the modalsystemis done
asdescribedoreviously. The penaltyforce shouldbe ap-
pliedto boththe modalandthe rigid-body systems.

Constraint-baseatollisions require a more conplex
implementationput we nd thatthey producebetterre-
sults. First, whena collision occurs,the simulationis
bacledupto the point duringthetime-stepwhenthe ob-
jects rst cameinto contact.Thencontactforcesarecal-
culatedas the minimal outward normal force to ensire
thatthe objectswill not continueto penetrate Theseare
determinedy solvingalinearprogrammingoroblemfor
the normalforcesat all contact points. Baraf detailsan
ef cient methodfor solvingfor therequiredforces[1].

Constraintmethodsareoftenusal in traditionalrigid-
body simulationsonly to solve for reding contact,while



impulsesare used to calculateelasticrespons. Elastc
component®f theresponseanbehandleddifferentlyin
our modalsimulation,becasetheelastichehaior of the
modal systemmodelsthemdirectly. We rst enforcea
velocity constraintthat solves for an impulseto engure
thatnoneof the contactvelocitiesarenegative, then sec-
ondlyit enforcesan acceleratiorconstrainthatsolvesfor
a force to ensurethat noneof the contact acceleratias
are nggative. The derivation of thesemethodsrequires
equationgelatingthechangen velocity andaccelerabn
with respectto an applied impulseandaccelerationye-
spectvely.

Let p, bethelocationof a contactpoint on an object
expressedn thelocal coordinateframeof therigid body.
Thislocationwill bealinearfunctionof the modalcoor-
dinatessothat:

pp=UWz; a7
whereU is a marix that averageshe appropriatenode
locationsbasedn the barycentridocationof p in oneof
the surfacetriangles. The locationin world coordinaés

is givenb

WY =t Ry (18)
wheret andR arethe translationand rotation matrices
for the rigid-body frame. Differentiatingwith respecto
time to obtainthe world velocity and acceleation of p

yields:
Py = t+ R[! Jp + Rpy ; (19)
Pw = LHRI o+ R I+ 2RT! o+ Rpy 5 (20)
where! and are the rigid-body's angular velocity
and acceleratioh The notation[a] denotesthe skew-
symmetricmatrixsuchthatfa]lo=a b= [b]a.
Differentiatingequation(19) with respecto anapplied
impulseallows usto obtainthechangen velocity gerer
atedby a constrainforceover atime interval:
p, = t %fw+ RH ' lp,+ RUWW 'f,
(21)
whereH istheobjectSsinertiamatrixand isthetorque
generateddy f . Differentiatingequation(20) with re-
spectto anappliedforce producesa similar resultfor the
changen acceleratiorat the contactpoint. Theseequa-
tionsarelinearin f , andcanbe usedsimilarly to solve
for position,joint, andcollision constraints Positioncon-
straintsrequirethata point'svelocity andacceleratiorare
zero. Jointconstraing requirerelative velocitiesandac-
celerationarezero,merelyrequiring asubtration of the
properterms. Collision constraintsrequire the normd
componentof relative velocities and accelerationsre
nonn@ative, andonly solve for the nonnegative normal

2|n orderto adhereto commoncorventionwe arereusing! and

, that were previously usedfor the modalfrequenciesand Rayleigh

dampingcoefcients. Theintendedmeaningshouldbeclearfrom con-
text andthe presence/absencé bold notation.

Example Fig | Verts. Nodes Tets. Modes| Time
Brain 1 /18,847 304 997 40 |68.5sec
Dodo 5 336 113 295 40 | 6.2sec
Bunry 8 | 2,633 37,114 15,507 32 | 24min
Sphere video| 66 80 282 40 | 2.9sec
Sheet video| 195 195 486 20 |14.4sec
Bat video| 241 310 1,030 20 |68.9sec
Table 1: This table list the numberof verticesin the

renderedmodes, the numberof nodesand elementsn
the nite elemeit modelsthe numberof modesretaired,
andthe time requred to computethe decompositiorfor
someof thedemonstratiombjects.

force magnitude. All constraintsare solved simultane-
ouslyasalinearprogram.Solvingcannotalwaysbedone
in real-timeif therearealarge numberof contactpoirts,
althoughsystenresponseloes remaininteractive.

We modelfriction at the contactsusing a simpli ed
Coulombfriction model. The systemcomputesa force
oppositethetangentialvelocity atthe contactpoints. The
magnitudeof the force equds the magnitudeof the nor-
mal force multiplied by a friction coefcient. If thefric-
tion force causeghe predictedtangentialvelocity to be
reversedthenit is limited to the force that would calse
no slipping. If interactvity canbesacri ced,amorepre-
cise methodwould be to add an addtional no-slip con-
straintto bere-sohedwith the otherconstraints. We nd
our heuristicreasonabldor producingplausiblefriction
effects.

4 Results

We have implementeda systemthat modelsdeformalte
objectsusing a hybrid formulationthat combinesrigid-
body motion with deformationcomputedusing mocal
analysis. Objectsmay be interactively manipulatedby
the userwith both penaltyforcesanddisplacementcon-
straints. The modalobjectsmay collide with eachother
and with their ervironment. Collisions can be treaed
with eitherpendty forcesor constraintsandobjectsmay
alsobe attachedogetherusng joint constraintsTable 1
lists several of the modelswe have usedto demonstrte
our resultsandshawvs the geometricandkinematiccom
plexity of themodelsalongwith how muchprecompua-
tion time wasrequiredto performthe modaldecompois
tion for eachmodel.

Thebrainmodelin gure 1 demonstratepulling and
pushingusing force application. Force vectorsare pro-
jectedinto the modal basis modifying the modal stat,
andthenareprojectedout, resultingin realisticdeforma-
tion. Theimagesn gure 6 and gure 7 shav pulling and
pushingusingmanipulationconstraints.Typically, up to



Figure5: Thisimagesequencahavs framesfrom ananimationof a pair of objectscolliding with eachother Each
objectis a hybrid simulationthatincorporatesrigid anda deformablgmodal)commnent.

Figure6: Theseimagesshavs how constraintscanbe
usedto deformobjects.The objectontheleft of eachim-
ageshaws the objectprior to deformation,andthe right
object shaws the resultsafter the red constraintpoints
have beenmoved.

Figure7: Thesdmagesarescreershotsfrom anapplica-
tion runningnatively ona Sory PlayStation2.Theyellow
circle highlightsthe cursorthatthe useris usingto poke
andpull anelastic gure.

aroundl10 pointsonthemodelcanbeconstrainedn red-
time on a moderae speedcomputer(300 MHz Pentium
Il or Sory Playstation2).A limit is reachedbecausédhe
solutionsto equation(13) andequation(15) requirearel-
atively expensve computationof singularvalue decom
positions,which canrot be calculatedin real-timeonce
thematricesbecomeoo large.

We have createdseveralanimationgseesupplemerdl
materials)demongtating this system eachsimulatedin-
teractvely for moderatelycomplex objeck. Theresuts
appeaplausible,andresembd animationghat might be
simulatedusing more straightforward but more compu-
tationally expensve methods.The bottlenecksn hybrid
modal/rigid-bodysimulationare collision detectionand
solvingthelinear programfor the constraints.To redwce
the computationusedin solving the linear program,the
extentof contactpoint clusieringmaybetwealedto sac-
ri ce accurag for speed.Figures5 and8 shav objects
involvedin collisionswith agroundplaneandeachother.

Figure8: A sequencef imagesshaving the Stanbrd
Bunry modelbouncingoff a grownd plane.

As with othermethodsbasedon tetrahedralnite el-
ements,we canembedhigh-resolutionor non-manibld
surfacesinside a tetrahedravolume mocel. The bene-
ts of thistechniquearethatthe surfaceshadingandtex-
turing can be speci ed independentlyffrom the dynam-
ics, andpoorly constructedpolygon-soup”’modelsmay
be used. Both the brainmodelin g ure 1, an extremely
comple object,andthe“dodo” modelin gure 5, anon-
manifold object, are modeledin this way. The “dodo”
model also denonstratesnon-uniform material proper
ties: thelegsandbeakaremadeof a stiffer material than

therestof thebody

5 Conclusions

Modal analysishasbeenshown to be a usefultool for in-
teractiely producingrealistic simulationsof elasticde-
formation. Both theanalstic calculationof modalamgi-
tudesusingcomplex oscillatorsandthe removal of high-
frequeny modeshave a stabilizingeffecton simulatians,
allowing for largetime stepsto betaken.

Despitethe approximationof linearity in modalaral-
ysis, the simulationresultsare quite plausiblefor most
objects. The exceptiors are long, thin, or highly de-
formable objects, where nonlinear behavior dominags
the expectedbehaior. Despitethesespeci ¢ dravbads,
mary objectscanbemanipulatedjuite ef ciently andre-
alistically usingmodalmodels.

The alreadysmall costsof modal analysiscanbe re-
ducedfurtherby leveraginggraphicshardware,asshown
by JamesandPai [10] or our own implementabn on the
Sory PlayStaion2. Using suchhardware,CPU costscan
be reducedo modifying modeamplitudesduring evolu-
tion of time steps projectionof forces,andapplicationof
manipulationconstraints.



We recognizethatthereare mary implementatiorde-
tails that cannot t into this paper so we have re-
leasedthe sourcecode for our Linux implementabn
underthe GNU License. It is our hope that making
this code available will encourageothersto work with
modalsimulationmethods.The codemaybeaccessedt
www:csberkeley:edu= job=Projects=ModeD«.
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