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Abstract
Modal analysisprovidesa powerful tool for ef�ciently

simulating the behavior of deformableobjects. This
paper shows how manipulation, collision, and other
constraintsmay be implementedeasily within a modal
framework. Results are presentedfor several example
simulations.Theseresultsdemonstratethatfor many ap-
plicationsthe errorsintroducedby linearizationare ac-
ceptable,and that the resulting simulationsare fastand
stableevenfor complex objectsandstiff materials.
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1 Intr oduction

Interactive modelingof deformableobjects has a wide
range of applicationsfrom surgical training to video
games. Many of theseapplicationsrequire realistic,
real-timesimulationfor complex objects.Unfortunately,
the moststraightforward simulationmethodsturn out to
be prohibitively expensive for modelingobjects of even
modestcomplexity. When the high cost of simulation
coupleswith the reality thatCPUcyclesmustbeshared
amongmany tasks,theneedfor faster, moresophisticated
simulationmethodsbecomesclear.

Recentlyseveral ingenioustechniquesfor modeling
deformableobjectshave beenproposed. Examplesin-
cludemulti-resolutionrepresentationsthatavoid wasting
timeon irrelevantdetails (e.g. [4,6,8]), reformulatingthe
dynamicsto makethemmorestable(e.g. [15,20]), exten-
sive precomputationto minimize runtimecosts(e.g. [9,
10, 19, 22]), robust integration schemesthat afford large
time-steps(e.g. [3]), andmany otherapproachesthatwe
cannotlist heredueto spaceconstraints.As of yet, none
providesa perfect solutionthatsatis�estherequirements
for all interactiveapplications.

This paperreexamines a techniqueknown as modal
analysis that was originally introduced to the graph-
ics community over a decadeago, but has since been
largely neglected,with only a coupleof notableexcep-

Figure1: This exampledemonstratesa complex model
beingdeformedusinga modalsimulationmethod. The
object furthest from the viewer shows the undeformed
con�guration. Thenearerobjectsarebeingdeformedby
a forceindicatedby thebluearrows.

tions (e.g. [10, 22, 23]). Like the techniquesmentioned
above,modalanalysisdoesnotprovideaperfectsolution
for every interactiveapplication,but it doesprovideaso-
lution thatsuitssomeapplicationsquitewell.

The resultspresentedhereshow that modal analysis
canbeusedeffectively to modelsituationswherethede-
formableobjectis directly manipulatedusingconstraints
andwhereit interactswith anenvironmentthroughcon-
tact forces. We demonstratethat although linear modal
analysisdoesincur errors becauseof the inherent lin-
earizationof the dynamics,theseerrorsare acceptable
in many contexts,particularlywhenexaggeratedcartoon-
like deformationsare desired. While precomputingthe
modaldecompositionfor a complex objectmay take up
to a few hoursof precomputation,for applicationswhich
make useof �x ed contentthis computationalcost only
occursduring content developmentand it is well worth
thedramaticincreasein runtimeperformance.

The conceptsrequired to manipulatethe modalequa-
tionsareto acertainextentconceptuallydif�cult to work
with but their implementationis surprisinglysimple.The
resultsshown in this paper(e.g. �gure 1) were gener-
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atedusinganimplementationthatwehaveportedto sev-
eral platforms: SGI IRIX, Windows, Linux, and Sony
PlayStation2.On eachof theseplatformswe wereable
to obtaininteractive simulationtimeseven for relatively
complex models.

2 Background

Modal analysis is a well establishedmathematicaltech-
nique that has been used extensively in mechanical,
aerospace,civil, and other engineeringdisciplines for
several decades.To a large extent the work we present
in this paperfollows asdirectapplicationof themethods
developedin those� eldsto thetaskof interactively simu-
latingdeformablesolids.Thereare,however, someissues
thatareuniqueto interactive simulation,suchasimpos-
ing manipulationconstraintsandcomputingfastcollision
responses.This paperfocuseson thoseissues.A discus-
sionof modalanalysisandits usewith the�nite element
methodcanbe found in the text by Cook, Malkus, and
Plesha[5], andamoredetaileddiscussionof modalanal-
ysis,its mathematicaltheory, andits applicationsmaybe
foundin thetext by MaiaandSilva [13].

Modal analysiswas �rst introducedto the graphics
communityin 1989by PentlandandWilliams asa fast
methodfor approximatingdeformation[19]. They used
a hybrid framework, previously describedby Terzopou-
los and Fleischer[24], that separatedthe motion of a
deformablesolid into a rigid componentanda deforma-
tion component.The deformablecomponentexisted in
a non-inertialreferenceframethat moved with the rigid
component.To avoid the costof computingthe modes
for a particularobjectPentlandandWilliams usedlinear
andquadraticdeformation�elds de�ned over a rectilin-
earvolumeinsteadof theobject's actualmodesandthen
embeddedtheobjectwithin theregion in a fashionsimi-
lar to a free-formdeformation. Althoughusingapproxi-
matedmodesis computationally inexpensive,it only gen-
eratesreasonableresultsfor compactobjectsthatarewell
approximatedby a rectilinear solid. Pentlandand his
colleaguesalso integratedtheir modaldeformationtech-
niquesinto a interactivemodeling system[18].

In 1997Stamdevelopeda modalmethodfor model-
ing treesblowing in the wind [23]. Ratherthanstarting
with adeformableobject,hecomputedthelow-frequency
modesfrom an articulatedstructurethat described the
tree.Oncetheclosed-formsolutionsfor eachmodewere
computed,the responseof the tree to a stochasticwind
�eld couldbecomputedef�cie ntly.

Mostrecently, JamesandPai implementedasystemfor
computingreal-timemodaldeformationson commodity
graphicshardware[10]. They focusedon modeling de-
formableskin andsoft tissuesattachedto moving charac-

tersor asbackgroundelementsin a surgical simulation.
Shenand his colleagueshave demonstratedan interac-
tive systemthatcouldsimulatemodelswith over 10,000
verticesona laptopPCwith nospecialhardwareacceler-
ation[22].

Other relatedwork includessoundgenerationtech-
niquesthat make useof modalsynthesis,anddeforma-
tion techniquesthatuseglobalshapefunctionsthathave
somegeneralsimilaritiesto a object's modeshapes.Van
denDoel andhis colleagueshave usedbothanalytically
computedmodesfor simple geometricshapesandsam-
pledmodesfrom realobjectsto computerealisticsounds
for simulated environments[26, 27, 28]. O'Brien and
hiscolleaguesdevelopedsimilar techniquesthatusednu-
mericallycomputedmodesfrom a�nite elementdescrip-
tion of an object [17]. Examples of deformationtech-
niquesusing global shape functionsinclude: free-form
deformationsandtheir dynamicsextensions[7, 21], de-
formablesuperquadrics[14], andthe boundaryelement
method[9]. Modal baseshave alsoproven to be an ef-
�cient way to compactlyencodeboth shapesanddefor-
mations[11, 12]. Finally, this paperfocusesprimarily
on integratingmanipulationandcontactconstraintsinto
a modalframework, andthereis prior work on applying
thesetypesof constraintsto �e xible bodysimulations[2].

3 Methods

Themechanicalpropertiesof anobjectcangenerallybe
capturedby a functionthatmapsthestateof theobjectto
adistributionof internalforces.Fornearlyany non-trivial
systemthis function will be nonlinearandthe represen-
tationof statewill requiremany variables.Consequently,
modelingtheobject's behavior over time will involve in-
tegratinga large, nonlinearsystemof differentialequa-
tions. Thesesystemsaretypically far too complex to be
solved analytically, so sometype of numericalsolution
methodmustbeemployed.

Modal analysis is the processof taking the nonlinear
descriptionof asystem,�nding agoodlinearapproxima-
tion, andthen�nding a coordinatesystemthatdiagonal-
izesthe linearapproximation. This processtransformsa
complicatedsystemof nonlinearequationsinto a simple
setof decoupledlinearequationsthatmaybeindividually
solvedanalytically.

Themain bene�t of thismodalapproachis thatthebe-
havior of the system canbe computedmuch moreef�-
ciently. Becauseeachof thedecoupledequationscanbe
solved analytically, the stability limitations that plague
numericalintegration methods are eliminated. Further,
onemayexamineeachof thedecoupledcomponentsand
discardthosethatareirrelevantto theproblemathand.
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Figure2: Using a linear formulationto modela bend-
ing barproducesacceptableresultsfor smallto moderate
amountsof deformation.For largerdeformationssignif-
icantamountsof distortionappear. This exampleshows
thedeformationcorrespondingto thebar's secondtrans-
versemode.

Thereare also two drawbacksto a modal approach.
First, linearizing the original nonlinearequationsmeans
that thesolutionwill only bea �rst orderapproximation
of the true solution. How objectionablethe lineariza-
tion error is dependson the applicationand the extent
to which theobjectsdeformfrom their initial con�gura-
tions.As illustratedby �gure 2, smallto moderatedefor-
mationsexhibit little or nonoticeableerrorwhencasually
observed.Evenwhentheerrorsdogrow noticeable, they
haveacartoon-like,exaggeratedappearancethatmayac-
tually bedesirablefor someapplications.

The seconddrawback arisesbecausedecouplingthe
linearsystemrequirescomputingitseigendecomposition.
However we do not believe that this drawbackis partic-
ularly signi�cant. Thecontentin mostinteractive appli-
cationsis constant,so that eigendecompositionscanbe
precomputedduringcontentdevelopmentandstored with
the objects. Furthermore,the linear systemsaresparse,
sothatfast,robust,publicly availablecodesmaybeused
to ef�ciently computethe decompositions(e.g. TRLAN
[29]).

Theremainderof this sectiondescribeshow onecom-
putesthe modal decompositionfor a given object and
how thatdecomposition canbeusedto ef�ciently model
theobject'sbehavior. Someof thismaterialhasbeenpre-
sentedelsewhereby others in the graphicscommunity
(e.g. [10, 19]) but we include it herefor completeness.
Thediscussionwill focusin particularon includingma-
nipulationandcollision constraints in the modal frame-
work. An overview of theentireprocessis shown in � g-
ure3.

3.1 Modal Decomposition
The modal decompositionof a physical systembegins
with a linear setof equationsthat describethe system's
behavior. In general,theequationsdescribingthesystem
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Figure3: Thisdiagramillustratesboththepreprocessing
stepsusedto constructthe deformablemodalmodelfor
an object,and the processesthat subsequentlygenerate
interactivemotionfrom thisdescription.

maybenonlinear, andoneobtainsthelinearequationsby
linearizingaboutsomepoint, typically the restcon�gu-
ration of the system. The linearizedequationshave the
generalform:

K d + C _d + M •d = f ; (1)

whereK , C , and M arerespectively known asthesys-
tem's stif fness,damping,andmassmatrices,d andf re-
spectively asthevectorof generalizeddisplacementsand
forces,andan overdot indicatesdifferentiationwith re-
spectto time. The physical meaningof the generalized
forceanddisplacementvectors,andthemethodfor com-
puting the systemmatriceswill dependon the type of
methodusedfor modeling the system. For general�-
niteelementmethods,wereferthereader to theexcellent
text by Cook, Malkus, andPlesha[5]. We are usingan
implementationof the piecewise-lineartetrahedral�n ite
elementmethoddescribedby O'Brien andHodgins[16].
Detailsoncomputingthesystemmatricesappear in [17].

Modal decompositionrefersto the processof diago-
nalizing equation(1). The mostgeneralform of modal
decompositioncanbe usedfor nearlyarbitrarysystems,
but the systemsarising from the �nite elementmethod
we usehave a structurethat makesthemamenableto a
simplermanipulationprovidedweassumethatthedamp-
ing matrix, C , is a linearcombinationof theK andM .
This restriction is known asRayleighdamping,andal-
thoughit isarestriction it still producesresultssuperiorto
thesimple massdampingthat is mostcommonly usedin
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graphicsapplications.With theseconditions,diagonaliz-
ing equation(1) becomesequivalentto solvingageneral-
ized symmetriceigenproblemwith symmetric,positive-
de�nite matrices.Cook,Malkus,andPleshadescribe the
processin detailandweonly repeattheendresulthere.

With therestrictionof Rayleighdamping equation(1)
mayberewrittenas:

K (d + � 1
_d) + M (� 2

_d + •d) = f ; (2)

where� 1 and� 2 arethe Rayleigh coef�cients. Let the
columnsof W be the solution to the generalizedsym-
metric eigenproblemK x + � M x = 0 and � be the
diagonalmatrix of eigenvalues1, thenequation(2) may
betransformedto:

� (z + � 1 _z) + (� 2 _z + •z) = g ; (3)

wherez = W � 1d is the vector of modal coordinates
andg = W T f is theexternalforcevectorin themodal
coordinatesystem.

Eachrow of equation (3) correspondsto asinglescalar
second-orderdifferentialequation:

� i zi + (� 1� i + � 2) _zi + •zi = gi : (4)

Theanalyticalsolutionsto eachequationare

zi = c1et! +
i + c2et! �

i (5)

wherec1 andc2 arearbitrary (complex) constants,and! i

is thecomplex frequency givenby

! �
i =

� (� 1� i + � 2) �
p

(� 1� i + � 2)2 � 4� i

2
: (6)

Theabsolutevalueof theimaginary partof ! i is thefre-
quency (in radians/second,not Hertz) of the mode, and
therealpart is themode's decayrate. In thespecialcase
wherethe term underthe radicalin equation(6) is zero,
we have ! +

i = ! �
i , which gives the critically damped

solution:
zi = c1tet! i + c2et! i : (7)

The columns of W are the vibrational modesof the
objectbeingmodeled.(See�gure 4.) Each modehasthe
propertythat a displacementor velocity over the object
that is a scalarmultiple of themodewill produceanac-
celerationthatis alsoa scalarmultiple of themode.This
propertymeansthat themodesdo not interactwith each
other, which is why decouplingthe systeminto a setof
independentoscillatorswaspossible.Theeigenvaluefor
eachmodeis theratioof themode'selasticstiffnessto the
mode's mass,and it is the squareof the mode's natural
frequency (in radiansper second).In generalthe eigen-
valueswill bepositive,but for eachfreebody in thesys-
temtherewill besix zeroeigenvaluesthat correspondto

1 Equivalently let W = L � T V whereM = LL T (Cholesky
decomposition)andV � V T = L � 1K L � T (symmetriceigendecom-
position).

Figure 4: The two rows show a side and top view of
a bowl along with threeof the bowl' s �rst vibrational
modes. The modes selectedfor the illustration are the
�rst threenon-rigidmodeswith distincteigenvalues that
areexcitedby a transverseimpulseto thebowl' s rim.

the body's six rigid-body modes.The rigid-body eigen-
valuesare zero becausea rigid-body displacementwill
notgenerateany elasticforces.

Thedecoupledsystemof equationsis not an approxi-
mationof theoriginal linearsystem,it will generateex-
actly the sameresultsas the original linear system. Of
coursethe linear system may have beenan approxima-
tion to someinitial nonlinearone,but any problemthat
could be solved usingequation(2) could alsobe solved
with equation (3). Furthermore,simulation that would
have requirednumericaltime integrationof equation(1)
cannow besolvedwithout integrationusingtheanalyti-
cal solutionsin equations(5) or (7).

3.2 Discarding Modes
Althoughdecouplingequation(1) andthensolving each
of theresultingcomponentsanalyticallyprovidessigni�-
cantbene�ts,we canderive additionalbene�t by consid-
eringwhetheror noteachof thesecomponentsis needed.
In particularwe candiscardmodesthatwill have no sig-
ni�cant effecton thephenomenawewish to model.

If theeigenvalue,� i , associatedwith aparticularmode
is large, then the force requiredto cause a discernible
displacementof that modewill also be large. We can
expect that in a given environment there will be both
an upperboundon the magnitudeof the forcesencoun-
teredand a lower limit on the amplitudeof observable
movement. For example, if modelingan indoor envi-
ronmentwe would not expectto encounterforcesin ex-
cessof 60; 000N (thebrakingforceof a largetruck),and
we would not beableto observe displacementslessthan
about0:1mm. Thusif jjw i jj2=� i < min res=max frc
for some modethen that mode's behavior will be unob-
servable.

Theimaginarypartof ! i determinesthefrequency that
a modewill vibrateat. Modesthat vibrateat morethan
half thedisplay's frameratewill causetemporal aliasing.

Removing modesthataretoo stiff and/ortoo high fre-
quency to beobservedwill not changetheappearanceof
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the resultingsimulation,but removing themwill greatly
reducethe simulation's cost. For most objectsthat we
have workedwith, nearlyall of themodesareunobserv-
able. A typical resultis thatanobjectwith several thou-
sandverticeswill have many fewer than�fty modesthat
needto be retained.Furthermore,the numberof modes
thatmustberetainedis nearlyindependentfrom theres-
olutionof themodel.

For later conveniencelet �W be the matrix W with
the columnscorrespondingto the discardedmodesre-
moved,andlet �W � 1 be thematrix W � 1 with the rows
correspondingto the discardedmodesremoved. Note
that �W � 1 6= ( �W ) � 1, �W and �W � 1 arenot square,and
�W � 1 �W = I but �W �W � 1 6= I .

3.3 Oscillator Coef�cients and Time Steps
The analytical solutionfor eachmode,equation(5), de-
scribeshow that mode will behave when no external
forcesareactingonit. Usingthesesolutions,however, re-
quiressomewayof modelingresponsesto externalforces
andof settinginitial conditions.

Givena setof initial conditionsdescribedby thenode
positions,d0, andtheir velocities, _d0, settingthe oscil-
lators to matchthoseconditionsrequires�nding appro-
priate valuesfor the coef�ci ents c1 and c2. First, the
initial conditionsare transformedto modalcoordinates:
z0 = �W � 1d0 and _z0 = �W � 1 _d0. For eachmode,c1

andc2 aregivenby

c1 =
z0

2
+

(� 1� i + � 2)z0 + 2_z0

2
p

(� 1� i + � 2)2 � 4� i
(8)

c2 =
z0

2
�

(� 1� i + � 2)z0 + 2_z0

2
p

(� 1� i + � 2)2 � 4� i
: (9)

For thecritically dampedcasec1 andc2 aregivenby

c1 =
(� 1� i + � 2)z0

2
+ _z0 (10)

c2 = z0 : (11)

Note that if the ! �
i arereal thenc1 andc2 will alsobe

real. If the ! �
i arecomplex thenthe ! �

i andthe c1 and
c2 will becomplex conjugatepairs. In eithercaseequa-
tion (6) will evaluateto a realvalue.

To computetheresponseof a modeto an impulsede-
liveredat t = 0, �rst transformthe impulse to modal
coordinateswith � tg = � t �W T f andthencomputec1

andc2 asshown abovewith z0 setto zeroand _z0 replaced
by � tg. Becausethemodesbehavelinearly, theresponse
of the systemto forcesappliedat an arbitrarytime may
becomputedby time-shiftingthis impulseresponseand
addingit to theexistingvalues.

Becausece( t +� t ) ! = (cet! )e� t! , the stateof each
oscillatorcanbestoredsimplyasapairof complex num-
bersthatre�ect thecurrentvaluesof c1et ! +

andc2et ! �
.

Eachtime thesystemis advancedforward in time, these
valuesget multiplied by e� t! �

. If � t is constantthen
thestepmultiplier for each modemaybecachedto avoid
the cost of evaluating an exponential. Impulsesapplied
to thesystemsimply requireaddingtheappropriateval-
uesto eachoscillator's state. Finally, modeswhere! +

and ! � arecomplex conjugatepairs (i.e. underdamped
modes)canbereducedto only asingleoscillator.

3.4 Constraints
Although we can computethe behavior of the decom-
posedsystemextremely ef�ciently , the method is not
particularlyusefulunlessit accommodatesmanipulation
constraintsandcollision response.Whenworking with
theoriginal systemconstraintson thenodepositionsare
nearly trivial to implement. Collision responserequires
moresophisticationbut still is conceptuallystraightfor-
ward. Unfortunately, applyingthesesameconstraintsin
the modal basisrequiresmoving betweenthe nodepo-
sitionsandmodalcoordinateswhich canbe unintuitive.
Mattersarefurther complicatedbecause if we have dis-
cardedany modesthenthe transformationswill be non-
invertible.

3.4.1 Interacti veManipulation
If we wish to includecontinualconstraintson partof the
system,theoptimalway to do so is to remove thosede-
greesof freedomprior to performingthe modal decom-
position. Examplesdemonstratingthis approachcanbe
seenin JamesandPai's modalmethodfor modelingtis-
suedeformation[10], and in our deformable sheetex-
ample. (Seeaccompanying animations.)Using this ap-
proachfor dynamicconstraints,however, would require
recomputingthe eigendecompositioneachtime a con-
straint was addedor removed from the system. James
andPai accomplishedsomethingsimilar for a boundary
elementmethodusingSherman-Morrison-Woodbury up-
datesbut wedonotknow of any correspondingincremen-
tal updateschemefor aneigensystem[9].

Insteadwe apply manipulationconstraintsto the de-
composedsystem.Let  bethesetof degreesof freedom
in the original systemthat we wish to constrain,andlet
� be the placeswherewe arewilling to apply forcesin
orderto enforcetheconstraints.For a manipulationtask
wherea point on the object is beingdraggedwe would
typically have � =  but we will not requireit. Let d 

or f � denotethedisplacementor forcevectorswhereall
except the elementscorrespondingto � or  have been
removed. Similarly, let �W  be �W whereall the rows

not in  have beenremovedandlet �W T
� be �W T where

all thecolumnsbut for thosein � havebeenremoved.Fi-
nally, let •d

�
 bethedesiredaccelerationsat theconstraint

locations.By combining•d = �W •z, g = �W T f anda bit
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of manipulationweobtain:

•d
�
 = �W  ( •z + �W T

� f � ) : (12)

Solvingfor f � yields:

f � =
�

�W  
�W T

�

� � P �
•d

�
 � �W  •z

�
; (13)

where�� P denotesa pseudoinverse.Velocity constraints
only differ in that f � getsreplacedby an impulse,e.g.
� tf � andwehave:

f � =
1

� t

�
�W  

�W T
�

� � P �
_d

�
 � �W  _z

�
: (14)

Positionconstraintscanbeenforcedin a similar fashion
solong aswe adjustfor how eachmodewill evolve over
theinterval while theforceisapplied:

f � =
2

� t2

�
�W  S �W T

�

� � P �
d �

 � �W  z
�

; (15)

whereS thediagonalmatrixwith componentsgivenby

sii =
e� t! +

i � e� t! �
i

j
p

(� 1� i + � 2)2 � 4� i j
(16)

thatcompensatesfor themotionof eachmodeduringthe
interval.

3.4.2 DynamicsSimulation
Implementinga deformabledynamicssimulatorfor free
bodies using modal analysiscan be accomplishedby
combiningthe modal simulationwith a standardrigid-
body dynamicssimulator. The modalsystemis embed-
ded in a rigid-body referenceframe, and both systems
evolve over time. The two systemsinteractwith each
other thoughinertial effects. The modalsystemshould
experiencecentrifugal and coriolis forces as the rigid-
body moves,andthe inertial momentsof the rigid-body
will changeasthemodalsystemdeforms.Unlesstheob-
ject is rotating rapidly, neithereffect will be signi�cant
soweomit them.They couldbeincludedatanadditional
computationalcost. Inertial effects due to translational
androtationalaccelerationof therigid-bodyframedonot
needto bemodeledexplicitly so long asthe forcesgen-
eratingthoseaccelerationsarealsoappliedto themodal
system.

Becausewe aremodelingdeformableobjects,a colli-
siondetectionmethodoptimizedfor usewith rigid-body
simulationsrequiressomemodi�cation becauseprecom-
puteddatastructureswill becomeinvalid as the object
deforms. The methodwe are using employs a hierar-
chy of axis-alignedboundingboxes,alignedto theworld
axes, to ef�ciently �nd potentialcollisions. The tree is
initially constructedbasedon the undeformedshapeof
theobject.Eachleaf nodein thetreecorrespondsto one
of theprimitivesthatmakesuptheobject,andthebound-
ing boxatthatnodeenclosestheprimitive. Thebounding

boxesof interiornodesencompasstheunionof theirchil-
dren.Thetree's topologyis chosento minimizetheover-
lap among the interior nodes. Oncethe objectdeforms
the treewill becomeinvalid, but recomputingthe tree's
topologyevery time-stepwould be prohibitively expen-
sive. Insteadwe usean updateschemesimilar to one
describedby vandenBergen[25]. After eachtime-step
the boundingboxesareupdated,but the tree's topology
doesnot change.If we expected arbitrarydeformation,
this could resultin a very poorly structuredtree,but be-
causetheextent of deformationis limited we have found
thisapproachto work quitewell.

Using thesetreesthe collision systemcan ef�cien tly
determinecontactpointsanda normalfor eachcontact.
For collisionsbetweenanobjectanda groundplane,the
collision normalis simply theplane's normal. For colli-
sionsbetweenobjects, we look at involved tetrahedrato
determineanormalbasedon their overlap[16]. We have
foundthateachphysicalcontactsitemayproduceseveral
pairsof colliding primitives. To reducethecomputation
whenusingconstraint-basedcollisionsweclusternearby
collisionpointsandtreateachclusterasasinglecollision
point.

We have implementedcollision responseusing both
a penalty-basedmethod and using constraints. As
one would expect, the penalty methods require less
work pertime-step,achieving real-timeperformance,but
stiff penalty coef�cients can lead to instability. The
constraint-basedmethodrequiresmore work per time-
step,but it is morestable.Becausethemodalsystemwill
allow arbitrarily large time-stepsin theabsenceof exter-
nal in�u enceswe preferthemorestableconstraint-based
methods.

To implementpenaltymethods,whenapointonasur-
faceviolatesoneof the penaltyconstraints,a force pro-
portional to the magnitudeof the violation is appliedat
thatpoint. Transformingtheforcesto modalcoordinates
andthenapplyingthe force to themodalsystemis done
asdescribedpreviously. Thepenaltyforceshouldbeap-
plied to boththemodalandthe rigid-bodysystems.

Constraint-basedcollisions require a more complex
implementation,but we �nd that they producebetterre-
sults. First, when a collision occurs,the simulation is
backedup to thepoint duringthetime-stepwhentheob-
jects�rst cameinto contact.Thencontactforcesarecal-
culatedas the minimal outward normal force to ensure
that theobjectswill not continueto penetrate.Theseare
determinedby solvinga linearprogrammingproblemfor
thenormalforcesat all contact points. Baraff detailsan
ef�cient methodfor solvingfor therequiredforces[1].

Constraintmethodsareoftenused in traditionalrigid-
bodysimulationsonly to solve for resting contact,while
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impulsesareused to calculateelasticresponse. Elastic
componentsof theresponsecanbehandleddifferentlyin
ourmodalsimulation,becausetheelasticbehavior of the
modalsystemmodelsthemdirectly. We �rst enforcea
velocity constraintthat solves for an impulseto ensure
thatnoneof thecontactvelocitiesarenegative, thensec-
ondlyit enforcesan accelerationconstraintthatsolvesfor
a force to ensurethat noneof the contact accelerations
are negative. The derivation of thesemethodsrequires
equationsrelatingthechangein velocityandacceleration
with respectto an applied impulseandacceleration,re-
spectively.

Let pl be the locationof a contactpoint on an object
expressedin thelocal coordinateframeof therigid body.
This locationwill bea linearfunctionof themodalcoor-
dinatessothat:

pl = U W z ; (17)
whereU is a matrix that averagesthe appropriatenode
locationsbasedon thebarycentriclocationof p in oneof
the surfacetriangles. The locationin world coordinates
is givenby

pw = t + R pl ; (18)
wheret andR arethe translationand rotationmatrices
for the rigid-body frame. Differentiatingwith respectto
time to obtain the world velocity andacceleration of p
yields:

_pw = _t + R [! ]pl + R _pl ; (19)
•pw = •t + R [! ][! ]pl + R [� ]pl + 2R [! ] _pl + R •pl ; (20)

where ! and � are the rigid-body's angular velocity
and acceleration2. The notation [a] denotesthe skew-
symmetricmatrix suchthat[a]b = a � b = � [b]a.

Differentiatingequation(19) with respectto anapplied
impulseallows usto obtainthechangein velocity gener-
atedby aconstraintforceovera time interval:

� _pw = � t
�

1
m

f w + R [H � 1� l ]pl + R U W �W T f l

�

(21)
whereH is theobject's inertiamatrixand� is thetorque
generatedby f . Differentiatingequation(20) with re-
spectto anappliedforceproducesa similar resultfor the
changein accelerationat thecontactpoint. Theseequa-
tions arelinear in f , andcanbe usedsimilarly to solve
for position,joint, andcollision constraints.Positioncon-
straintsrequirethatapoint'svelocityandaccelerationare
zero. Joint constraints requirerelative velocitiesandac-
celerationsarezero,merelyrequiringasubtractionof the
proper terms. Collision constraintsrequire the normal
componentsof relative velocitiesand accelerationsare
nonnegative, andonly solve for the nonnegative normal

2In order to adhereto commonconvention we are reusing! and
� , that werepreviously usedfor the modal frequenciesandRayleigh
dampingcoef�cients. Theintendedmeaningshouldbeclearfrom con-
text andthepresence/absenceof boldnotation.

Example Fig Verts. Nodes Tets. Modes Time

Brain 1 18,847 304 997 40 68.5sec

Dodo 5 336 113 295 40 6.2sec

Bunny 8 2,633 37,114 15,507 32 24min

Sphere video 66 80 282 40 2.9sec

Sheet video 195 195 486 20 14.4sec

Bat video 241 310 1,030 20 68.9sec

Table 1: This table list the numberof verticesin the
renderedmodels, the numberof nodesandelementsin
the�nite element models,thenumberof modesretained,
andthe time required to computethe decompositionfor
someof thedemonstrationobjects.

force magnitude. All constraintsare solved simultane-
ouslyasalinearprogram.Solvingcannotalwaysbedone
in real-timeif therearea largenumberof contactpoints,
althoughsystemresponsedoes remaininteractive.

We model friction at the contactsusing a simpli� ed
Coulombfriction model. The systemcomputesa force
oppositethetangentialvelocityat thecontactpoints.The
magnitudeof the forceequals themagnitudeof thenor-
mal forcemultiplied by a friction coef�cient. If thefric-
tion force causesthe predictedtangentialvelocity to be
reversedthenit is limited to the force that would cause
noslipping. If interactivity canbesacri�ced,amorepre-
cisemethodwould be to addan additional no-slip con-
straintto bere-solvedwith theotherconstraints.We � nd
our heuristicreasonablefor producingplausiblefriction
effects.

4 Results

We have implementeda systemthat modelsdeformable
objectsusinga hybrid formulation that combinesrigid-
body motion with deformationcomputedusing modal
analysis. Objectsmay be interactively manipulatedby
theuserwith bothpenaltyforcesanddisplacementcon-
straints.Themodalobjectsmay collide with eachother
and with their environment. Collisions can be treated
with eitherpenalty forcesor constraints,andobjectsmay
alsobeattachedtogetherusing joint constraints.Table1
lists several of the modelswe have usedto demonstrate
our resultsandshows thegeometricandkinematiccom-
plexity of themodelsalongwith how muchprecomputa-
tion time wasrequiredto performthemodaldecomposi-
tion for eachmodel.

The brain modelin �gure 1 demonstratespulling and
pushingusing force application. Forcevectorsarepro-
jectedinto the modalbasis, modifying the modalstate,
andthenareprojectedout, resultingin realisticdeforma-
tion. Theimagesin �gure 6 and�gure 7 show pulling and
pushingusingmanipulationconstraints.Typically, up to
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Figure5: This imagesequenceshows framesfrom ananimationof a pair of objectscolliding with eachother. Each
objectis ahybrid simulationthatincorporatesa rigid andadeformable(modal)component.

Figure6: Theseimagesshows how constraintscanbe
usedto deformobjects.Theobjectontheleft of eachim-
ageshows the objectprior to deformation,andthe right
object shows the resultsafter the red constraintpoints
havebeenmoved.

Figure7: Theseimagesarescreenshotsfrom anapplica-
tion runningnatively onaSony PlayStation2.Theyellow
circle highlightsthecursorthat theuseris usingto poke
andpull anelastic�gure.

around10pointsonthemodelcanbeconstrainedin real-
time on a moderate speedcomputer(300 MHz Pentium
II or Sony Playstation2).A limit is reachedbecausethe
solutionsto equation(13) andequation(15) requirearel-
atively expensive computationof singularvaluedecom-
positions,which cannot be calculatedin real-timeonce
thematricesbecometoo large.

We have createdseveralanimations(seesupplemental
materials)demonstrating this system,eachsimulatedin-
teractively for moderatelycomplex objects. The results
appearplausible,andresemble animationsthatmight be
simulatedusing morestraightforward but morecompu-
tationallyexpensive methods.Thebottlenecksin hybrid
modal/rigid-bodysimulationarecollision detectionand
solvingthelinearprogramfor theconstraints.To reduce
the computationusedin solving the linear program,the
extentof contactpoint clusteringmaybetweakedto sac-
ri�ce accuracy for speed.Figures5 and8 show objects
involvedin collisionswith agroundplaneandeachother.

Figure8: A sequenceof imagesshowing the Stanford
Bunny modelbouncingoff agroundplane.

As with othermethodsbasedon tetrahedral�nite el-
ements,we canembedhigh-resolutionor non-manifold
surfacesinside a tetrahedralvolume model. The bene-
�ts of this techniquearethatthesurfaceshadingandtex-
turing can be speci�ed independentlyfrom the dynam-
ics, andpoorly constructed“polygon-soup”modelsmay
beused.Both thebrainmodelin �g ure1, anextremely
complex object,andthe“dodo” modelin �gure 5, anon-
manifold object, are modeledin this way. The “dodo”
model also demonstratesnon-uniform material proper-
ties: thelegsandbeakaremadeof a stiffer material than
therestof thebody.

5 Conclusions

Modalanalysishasbeenshown to beausefultool for in-
teractively producingrealisticsimulationsof elasticde-
formation.Both theanalytic calculationof modalampli-
tudesusingcomplex oscillatorsandtheremoval of high-
frequency modeshaveastabilizingeffectonsimulations,
allowing for largetime stepsto betaken.

Despitethe approximationof linearity in modalanal-
ysis, the simulationresultsare quite plausiblefor most
objects. The exceptions are long, thin, or highly de-
formable objects,where nonlinearbehavior dominates
theexpectedbehavior. Despitethesespeci�c drawbacks,
many objectscanbemanipulatedquiteef�ciently andre-
alisticallyusingmodalmodels.

The alreadysmall costsof modalanalysiscanbe re-
ducedfurtherby leveraginggraphicshardware,asshown
by JamesandPai [10] or our own implementation on the
Sony PlayStation2. Using suchhardware,CPUcostscan
bereducedto modifying modeamplitudesduringevolu-
tion of timesteps,projectionof forces,andapplicationof
manipulationconstraints.
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We recognizethat therearemany implementationde-
tails that cannot �t into this paper, so we have re-
leasedthe sourcecode for our Linux implementation
under the GNU License. It is our hope that making
this codeavailable wil l encourageothersto work with
modalsimulationmethods.Thecodemaybeaccessedat
www:cs:berkeley:edu=� job=Projects=ModeDef.

Acknowledgments

TheauthorsthankChristineGatchalianfor herhelpwith
the modelsusedin the example, the other membersof
the Berkeley GraphicsGroup for their support,and the
reviewersfor their insightful comments.

Thiswork wassupportedwith contributionsfrom Sony
ComputerEntertainmentAmerica,Intel Corporation,and
Pixar Animation Studios, and with NFS grant CCR-
0204377andStateof CaliforniaMICRO grant02–055.

References
[1] David Baraff. Fastcontactforcecomputationfor nonpen-

etratingrigid bodies. In Proceedingsof SIGGRAPH94,
pages23–34,July1994.

[2] David Baraff andAndrew P. Witkin. Dynamicssimula-
tion of non-penetrating�e xible bodies.In Proceedingsof
SIGGRAPH92, pages303–308,July1992.

[3] David Baraff andAndrew P. Witkin. Largestepsin cloth
simulation.In Proceedingsof SIGGRAPH98, pages43–
54,July1998.

[4] Steve Capell,SethGreen,Brian Curless,Tom Duchamp,
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